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This note, written at the conclusion of a study of seismic tomography of the Earth 

crust underneath Southern Italy and Aegean areas, has the the aim of helping people 

getting started on the inverse problem in seismology. So the note, presenting the 

standard formulation of this topic, deals with the most largely used regularization 

procedures. Besides, particular attention was turned to the assessment of the reliability 

of the results. 

As it cannot necessarily be exhaustive, a great care was taken of bibliography. 
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1 Introduct ion 

1.1 W h a t is T o m o g r a p h y ? 

" Tomo' is from a Greek word which means 'slice'. If we take a slice of a three-

dimensional (3-D) object, we get a two dimensional (2-D) section. By combining 

many of these 2-D slices we can reconstruct a 3-D model of the object. [...] a 2-

D section can be constructed from multiple one-dimensional (1-D) line integrals 

that can be measured in an experiment" (Lee and Pereyra, 1993). 

Tomography is a technique used for the 'observation' of the interior of a structure. 

In the case a wave can be approximated by a ray, the velocity field can be the 

object of a tomographic analysis where data are travel times. The time T spent to 

cover the distance between the source of the perturbation and a receiver is related to 

the wave velocity v along the path T: 

When a large amount of tomographic data are available for different paths, it is 

possible to compose their information content to provide a 3-D image of the whole 

field. 

In this context, our interest is devoted to the study of the velocity of seismic waves. 

The various techniques implemented for Seismic Tomography present the main dif

ferences in the mathematical expression used for the velocity field description, in the 

inclusion of computation of event location and finally, in the type of seismic events 

used (teleseismic, local, or both). 

1.2 H i s t o r i c a l b a c k g r o u n d 

"Determination of the seismic velocity structure of the crust and upper mantle 

of the earth remains one of the major objectives of seismology" (from "Crustal 

structure modeling of earthquake data, Crosson, 1976) 

The principal efforts in the implementation of seismic studies of the crust came at 

first (beginning in the 1950s) from an active research program of the U.S. Geologi

cal Survey and the industrial demand for petroleum exploration (Braile, 1991). The 

imaging technique used in those years consisted mainly in the analyses of active data 

from explosion seismology (i.e. seismic waves generated with known origin time and 

location) for the investigation of reflecting surfaces. 
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Structure modeling using earthquake data came far behind mainly because of the 

difficulties in dealing with uncontrolled data and with consequently ill conditioned 

problems. Until late 1970s travel time inversion methods were just used to determine 

hypocenter locations given simple velocity models (see following sections). 

The first 3-D imaging of the earth interior using earthquake data could be faced 

"thanks to a series of papers published by Backus and Gilbert since 1967" (Aki, 1993) 

where a detailed construction of a general inverse formalism was presented (Backus and 

Gilbert, 1967, 1968, 1970). In 1972 this formalism was finally given a simple matrix 

algebra thanks to the papers by Wiggins (1972) and Jackson (1972) where important 

features like resolution and covariance matrices were introduced. 

After a few years, Crosson (1974) recognized the value of the information contained 

in local earthquake data and proposed their use both for localizing events and for c o i n 

puting a 1-D model of the crust velocity structure. Later on, Crosson (1976) gave 

a clear description of the matrix formalism suggested for this approach. It was soon 

followed by the papers by Aki and Lee (1976), Aki et al. (1977) and, for global imag

ing, Dziewonski et al. (1977). These early works used damped least squares solvers 

to face large and often ill-posed matrices (see following sections); the technique was 

applied for 3-D images of the crust and mantle but, until the introduction of iterative 

matrix algorithms in the first 80's, only few parameters could be handled limited by 

the computer storage capacity (Nolet, 1993). 

The term "Tomography" was borrowed from medical technology only in 1983 (e.g. 

Clayton and Comer, 1983; Olson et al., 1983; Hearn and Clayton, 1983; McMechan, 

1983) when the algorithms for the resolution of a system of linear equations applied 

in medicine were adapted to seismology. The sequential processing of the observations 

(row-action method), similar to the one used in medical X-ray imaging, was introduced, 

leading to data storage proportional to the model size (Humpreys et al., 1984). This 

technique was given the new name ART (Algebraic Reconstruction Technique) and 

consisted mainly in treating only one equation at a time (Mcmechan, 1983). However, 

ART showed poor convergence in the ill-posed geophysical data and had to be modified 

to avoid solution fluctuations. The Simultaneous Iterative Reconstruction Techniques 

(SIRT) were introduced by Dines and Lytle (1979) to reduce these fluctuations. The 

great family of row-action methods includes even the conjugate gradient methods, 

among which LSQR (Paige and Saunders, 1982) is presently preferred by many authors 

(e.g. Nolet, 1983, 1993). However these techniques, besides the advantage of minor 

I 



storage requirement, lack for information about the solution reliability which instead 

can be estimated when conventional least squares resolution algorithms are used. In 

the following sections, a brief review of the most popular tomographic methods is given 

and particular attention will be devoted to the Thurber's technique(1983) widely used 

in local tomography. 

2 Approaching a geophysical problem 

"Much of our knowledge of the Earth's interior is perforce based on the interpre
tation of measurements made at the surface, rather than direct sampling of the 
material in the interior. In the past few years there have been great advances in 
the mathematical aspects of this problem, and the topic has come to be called 
geophysical inverse theory" (from "Understanding inverse theory"; Parker, 
1977). 

The aim of physicists is to give a description of a phenomenon through certain mathe

matical rules, as simple as possible, and lead to the possibility of predicting the values 

of some measurable events. This means at first to set an analytical relationship be

tween observable quantities and some parameters and then compute the ones given the 

others. When we have to compute some characteristics of the phenomenon given the 

values of a set of parameters, we are facing a d i rec t (or forward) p r o b l e m . On the 

contrary, when we want to compute the values of a set of parameters describing the 

phenomenon, given certain observations, we have to solve an inverse p r o b l e m (e.g. 

Tarantola and Valette, 1982). 

2 .1 S e i s m i c T o m o g r a p h y : m a j o r a s p e c t s 

As was pointed out in previous sections, tomography tries to get information about 

the structure of a body crossed by some kind of perturbations or waves. In geophysics, 

seismic tomography has the aim to give description of the velocity field of seismic waves 

in a given region, given the arrival times of seismic waves generated by earthquakes. 

If the ray approximation is possible for waves, the velocity field can be investigated 

through the integral relationship linking the travel times associated to the rays with 

the unknown field. In particular, the arrival time t of the seismic wave generated by 

an earthquake and recorded by a seismic receiver provides the following equation: 
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where t0 is the origin time of the event, T(v) is the travel time of the ray, V its 

path from the source (hypocenter) to the receiver (station), dl the path segment, and 

the unknown velocity field. 

Ray il lumination 

The tomographic study is the analysis of a consistent number of arrival times to give 

a full 3-D description of the field v(x, y, z). Looking at eq. (1) it is easy to observe 

that the information content of a single travel time / is distributed along the whole 

line integral path T, while the single integral element dl/v should be investigated. The 

separation in ray segment contributions is possible only in the case of raypal lis crossing 

each other with a sufficient angular distribution. 

One of the first problems of a tomographic analysis is then the ustructure-illuminat i o n 

due to the ray coverage. Differently from medical X-ray tomography, seismic events 

cannot be controlled and the distribution of the seismic stations may not be sufficiently 

regular so, even after an accurate data selection, an exhaustive ray coverage is seldom 

obtained (e.g. Lee and Pereyra, 1993). 

For crust imaging, for example, local earthquake data (LED) are more appropriate than 

teleseismic ones : "The main advantages of LED over teleseismic data, when inverting 

for crustal structures, lies in the higher frequency content and the great variation of 

the angle of incidence compared with the relatively narrow angle of incidence (±30°) 

for teleseismic data" (Kissling, 1988). 

Earthquake Relocation 

When investigating a portion of Earth crust using a tomographic procedure, initial 

event-locations are needed. 

In seismic tomography neither the origin time t0 nor the ray-path T is known and 

their estimation is possible only if a velocity field is a priori given: the dependence 

between datum and unknowns is then non-linear. 

Initial values of space-time hypocenters coordinates are given in seismological bullet ins 

where they are estimated using a 1-D reference velocity model. For a complete tomo

graphic study, events must then be relocated togheter with the computation of the 

velocity field (coupled hypocenter-velocity parameter inversion). 

In the first tomographic works the problem was handled as a simple extension of 

travel-time inversion to include simultaneous relocation of the sources (Aki and Lee, 

1976, Crosson, 1976) but a great difficulty was recognized in resolving an inversion 
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with so many unknowns. In seismic tomography, it is necessary the use of a great 

number of data, that means hundreds of earthquakes, each recorded at more than 4 

stations: considering that each of them contribute with 4 added unknowns this lower 

limit should, possibly, be greatly exceeded. In 1980 Spencer and Gubbins and Pavlis 

and Booker proposed two different methods to separate the relocation problem from 

the velocity field investigation. Thanks to a separation method, the joint-problem can 

be faced by resolving the 4-unknown problem for each earthquake and, separately, 

determining the velocity field parameters (see appendix). 

R a y - t r a c i n g 

An other important feature of tomography is the computation of the raypath (ray-

t r ac ing ) , that is the integral path T between source and receiver given a certain 

velocity field. It is worth noting that, when using local earthquakes, crustal raypaths 

cannot be approximated by straight lines or circular segments, as is the case for tele-

seismic raypaths. Besides the computational strategy, its time consuming is of great 

importance as a criterion of choice of such an algorithm. We will deal with this topic 

again in sec. 2.3. 

2 .2 R e p r e s e n t i n g t h e v e l o c i t y field 

To proceed in the analysis of the problem, a mathematical expression of the velocity 

field is required. A very general description of the velocity field can be given by the 

following formulation: 

where K is the number of parameters and the fa(x,y,z) are arbitrary selected 

functions. Eq. (2) is suitable to different kinds of parameterization: Crosson (1976) 

used a 1-D layering, that is fa = fa(z) (step functions); Aki et al. (1977) presented 

the first 3-D description sampling the crust in blocks of constant velocity, that is fa are 

box functions (this kind of modeling is named ACH from the initials of the authors); 

Dziewonski et al. (1977) provided a description of the velocity variations in the mantle 

using spherical harmonics. In the early 80's Spencer and Gubbins (1980) proposed 

a description of the velocity field through a linear combination of a small number 

of analytic functions. In 1981 Thurber implemented an approach representing the 

structure with a three dimensional grid of nodes; in this case the fa are interpolating 

functions among the velocity values assigned to the vertices of a cubic cell. 
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The <f>k functions are selected to be orthogonal in the model space and, in principle, 

increasing K (up to infinity) they could represent any feature of the structure: a possi

ble representation of constant gradient zones with ACH could for example be achieved 

using small blocks (e.g. Lees and Crosson, 1989) but again, an infinite number of pa

rameters should be resolved for an accurate description. On the other hand, one can 

eventually use a 'mixed' parameterization for the investigation of different features: the 

investigation of possible discontinuities in the velocity field is poor when using Thurber 

modelling but can be partially improved with the addition of discontinuity surfaces to 

the nodes parameterization (e.g. Sambridge, 1990; Zhao et al., 1992). Anyway, there 

are practical limitations to this argument due to the difficulty in manipulating too 

many functions and parameters and, moreover, the data set never provides enough 

information to resolve all the possible features. There is then no way to eliminate the 

conditioning due to the a-priori choice of the kind of parameterization. The results are 

strongly conditioned by this assumption on the structure. For example, the minimum 

spatial length we can investigate is given by the distance among nodes, the block size 

or the wavelengths of the analytic functions. 

Once given the functions, the velocity field can only be compatible with the model 

representation assumed as the true one, with the risk that features which are not con

sidered can possibly infer the solution (e.g. the occurrence of the aliasing phenomenon). 

On the other hand, we can investigate the quality of a solution once chosen the pa

rameterization, but there is not a standard criterion to establish a graduate scale of 

goodness among the results of different techniques of inversion. 

2 .3 F o r w a r d p r o b l e m 

Due to the large number of equations like (1) usually set in tomography, we will indicate 

the arrival time t with two indices i and j , referring to the i-th (i = 1 , / ) earthquake 

and its j-th receiver (j = l , . . . ,n , ) . The arrival times ti3 depend on the hypocenters 

coordinates fetl, fy2l on its origin time hi4, on the locations of the receivers and on 

the set a = {a^} of the model parameters (through eq. (2)). 

The forward problem is set when this dependence is somewhat explicitly given that 

is, when for the line-integral in eq. (1) an algebraic expression is given: this means 

to provide a 'good' velocity-field expression and an algorithm (ray-tracing) capable of 

computing the paths F t J in the given model 

The resolution of the forward problem is of great importance in a tomographic work: 

the possible errors introduced in the construction of the data equations can hardly be 
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investigated or taken into account in the final error analysis. Besides, the computa

tional effort required for the complete inversion is given by. at least, as many solutions 

of these problems as the number of data. 

The formulation of eq. (1) can be given in the following more general form: 

where g{j is a non-linear functional that given h{ = (hiU...,hiA) and a returns t{j. It 

obviously depends on the coordinates of the j - t h receiver too (assumed known). 

Following this notation we will indicate with h the 4 / elements vector of the earth

quakes coordinates. Therefore is an operator projecting vectors {a. h} from 

the m o d e l space S"1 (with dimension K + 47) into vectors t = {Uj} in the d a t a 

space Sd (with dimension 

2 .4 I n v e r s e p r o b l e m 

The inverse problem consists in the analysis of the equations set in the forward problem, 

that is. evaluation of the model parameters and analysis of the results. Its resolution 

should provide the inverse projection through an operator g" 1 such that: 

In the case of linear relations between data and unknowns, the forward operator can 

be expressed in matrix form and the inverse operator is computed according to the 

statistics followed by the data and the kind of matrix. When g is not linear, its inverse 

cannot be straightforwardly given so that the solution must be searched exploring 

the model space with some criterion (e. g. Tarantola. 1987). Different methods of 

explorations can be adopted according to the kind of problem, depending for example to 

the quantity of unknown parameters or to the degree of non-linearity of the equations. 

The tomographic equations are non-linear and generally involve a great number 

of data so that the Gaussian-Newton method is often applied (sect. 5.1). being it 

easier and less time consuming than others. This method is properly adopted when 

data follow Gaussian statistics, leading to a least squares criterion, and linearization 

is possible in the region of investigation. It consists of starting from an initial point in 

the model space and moving by steps toward the solution through the solution of the 

matrix equations obtained linearizing the operator. 
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Attention will then be dedicated to the linear case, with the preface that arguments 

can be used in the general non-linear inverse problem with some caution. 

3 The linear inverse problem 

Consider a linear system of M equations defined through a matrix G, 

where d is the data vector, m the model vector and e a residual vector. G is the matrix 

expression of an operator G projecting a vector from model to data space. 

The solution of the inverse problem consists in evaluating m given d. 

Sparse matrices often occur in tomography: once a ray algorithm is adopted, each 

matrix row, that is each ray-path, provides information only on the ray starting point 

(hypocenter coordinates) and on those blocks or nodes 'illuminated' by the ray itself. 

As a consequence not all the solution parameters (that is hypocenters coordinates and 

velocity model values at the nodes or in the blocks) are involved in the zj-th equation 

(3). After the linearization process (see following sect. 5.1) the expression of the 

tomographic matrix is: 

The matrix G is composed by two distinct submatrices G = (H,A) due to the 

mixed nature of the parameters (mixed-problem). The presence of blocks of zeroes is 

evident in the first hypocenters submatrix H, while in the model submatrix A zeroes 

are sparse. 

Due to the difficulties in treating sparse matrices, in the early studies only few 

model parameters were handled. The row-action techniques (e.g. SIRT, ART, etc.) 

give the possibility to face this problem: only one ray at a time is involved in the cal

culus and even storage problems can be bypassed. These techniques adjust the model 

parameters values with respect to reference values distributing the difference between 

the theoretical and observed travel time over the whole ray segments. In the ART, the 

adjustments are performed after each ray-processing while in SIRT their mean values 
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are computed only after all rows processing (Neumann-Denzau and Behrens, 1984; Van 

der Sluis and Van der Vorst, 1987; Spakman, 1993). 

The classical methods of resolution of a linear system are anyway preferred in many 

cases, being for example possible to separate location parameters from the model pa

rameters columns. Singular Value Decomposition (SVD) theory can be very useful for 

a complete analysis of a matrix equation and the technique implemented by Pavlis 

and Booker (1980) for the separation of a mixed-problem is an example of application 

(see appendix). We will use SVD for the comprehension of the ill-conditioning due to 

sparse matrices and of some different techniques used to face this problem (regulariza-

tion techniques). 

3 .1 T h e S i n g u l a r V a l u e D e c o m p o s i t i o n 

The SVD (Lanczos, 1961) is an important tool for the comprehension of the charac

teristics of the spaces related to the operator described by a matrix equation. 

When G is a square matrix (M = A'), it transforms a vector into another in the 

same space. If G is also symmetric, its eigenvectors define an orthogonal base for that 

space where the operator G can be defined trough a diagonal matrix A whose elements 

are the associated eigenvalues. The rotation of G into A is given by the relation: 

G = UAUT, where U is the eigenvectors matrix. 

In a more general case, a rectangular matrix G (M x K) can be associated to two 

different spaces: model space S™, with dimension K, and data space Sd, with dimen

sion M. Lanczos theory (Lanczos, 1961) takes advantage of the properties of symmetric 

matrices to formulate the idea of SVD. He proposed to define two different families of 

orthogonal eigenvectors in the two spaces: given G, we can construct two symmetric 

matrices GTG and GGT operating in S"1 and Sd respectively. Singular values of a 

matrix G are the eigenvalues A, of the two matrices so, recalling the diagonalization of 

a symmetric matrix, we can write (Lanczos, 1961): 

where A p is a p x p diagonal matrix whose elements At are the square root of the p 

non-zero eigenvalues of the symmetric matrices GGT and GTG, Up (M x p) and Vv 



(K x p) are composed by the p column eigenvectors u t and v t (i = 1, ...,p) associated 

to At

2: 

Being v t , u, eigenvectors of symmetric matrices, they constitute orthogonal basis in 

S™ and Sd respectively. They are coupled by At through the relations (projection 

from S"1 to Sd and vice versa): 

The matrices £/0, VQ are composed by the vectors associated to the M — p null eigen

values of GGT and K — p null eigenvalues of GTG defining the null-spaces N(GT) and 

N(G) respectively: 

The meaning of these relations is very important: there is no way to resolve vectors 

belonging to Vo through the matrix G that is, whenever K > p we have indetermination 

due to the lack of information on a part of the model which can possibly assume 

whatever value; the existence of U0 (M > p) is instead due to the impossibility that 

the modelling can exactly satisfy all the data equations (e = 0). 

The linear system (4) is said to be well-posed when M = K = p (e.g. Matsu'ura 

and Hirata, 1982), in which case the solution is unique and complete (G a square 

non-singular matrix and e = 0) and given by: m = G _ 1 d . 

When working with real data, we need more equations than unknowns (M > K) and 

we need to face the non-uniqueness generally looking for the solution in a least-squares 

sense (minimization of which always exists (e.g. Van der Sluis and Van 

der Vorst, 1987). On the other hand, a solution in a least-squares sense is unique only 

when p = K, in which case it is simply given by (e.g. Menke, 1984): 

Eq. (9) is named 'normal equation': it is easily obtained from the minimization of 

| |e| | 2 = ||Gm - d|| 2 with respect to m, i.e. imposing that d\\Gm - d | | 2 /dm = 0. 
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(a) The x-ray opacity of the box is overdetermined, since measurements of 
x-ray intensity are made along three different paths (dashed lines), (b) The opacity is 
underdetermined since no measurements have been made, (c) The average opacity of 
these two boxes is overdetermined, but since each path has an equal length in either brick, 
the individual opacities are underdetermined. 

Figure 1: from Menke, 1984 p. 51. 

3 .2 R e g u l a r i z a t i o n t e c h n i q u e s 

Even when working with a large data set, eq. (9) is often ill-conditioned, that is GTG 

is singular and cannot be inverted: this happens when rank(G) is less than the number 

of parameters K (p < K). due to the existence of N(G). Indicating with m 0 == V^m 

the projection of a generic model vector m into N(G), such that GTGm0 = 0. it is 

easy to see that a vector m 0 can be added to a solution without altering eq. (9). 

Vectors in this space are not illuminated by the operator G T , so they are said to be 

decoupled from data information. This non-uniqueness problem (e.g. Parker. 1977) 

originates in the construction of the system of equations (4), when the available ray 

path illumination in tomography cannot provide enough independent information on 

the model parameters. A typical example is given by contiguous blocks sampled by 

the same rays (fig. 1): in this case the distinction among their single contribution is 

not possible, knowing only their average behavior. So infinite combinations of their 

velocity values are possible to give the same result. 

Constraints can be introduced to reduce the effects of the singularity of the tomo

graphic matrices. The introduction of constraints is called regu la r i za t ion . In the 

following sections the most used regularization schemes are described. 

3 .2 . 1 E l imina t ion of small s ingular values 

From the decomposition of G via SVD, we have GT = Vi\TUT and GTG = VATAVT, 

hence the normal equation (9) can be expressed in terms of the matrices composing G: 
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In the well-conditioned case (p = K). all the elements of the diagonal matrix A are 

A, ^ 0 and the inverse of this relation can be evaluated, providing the normal solution 

If p < K. equation (10) can be decomposed using relations (6). Using the projec

tions we obtain: 

The last of these equations is clearly non-sense, representing the ill-conditioned 

part of the problem. The natural consequence of this separation is then resolving only 

for m p . giving the 'minimum norm least-squares solution : (e.g. Van der Sluis and Van 

der Vorst. 1987): 

The genera l ized inverse of G is then straightforwardly given by: 

Numerically, however, the more common situation is that some of the A,- are very 

small but nonzero, so even (12) is ill-conditioned (e.g. Press et al.. 1992). Stability 

can be obtained with the elimination of the eigenvalues smaller than a cut-off value Ap 

(Wiggins. 1972) and including in A p only the eigenvalues 

3.2.2 T h e use of a priori d a t a 

This approach allows to choose among the infinite least-squares solutions the one sat

isfying some additional requirement according to a priori data. 

This method makes use of Lagrange multipliers (e.g. Constable et al. 1987; Lees and 

Crosson. 1989; Sambridge. 1990) which consists in minimizing the functional: 

where e = d - G'm and weighting matrices for data Wd and for parameters Wm have 
been introduced. 

The classical least-squares solution is given by the minimization of the first part of 

(13) which is the condition that maximizes the probability for model to fit the real data 

in the case they follow a gaussian statistics. The additional second term introduces 
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a priori data. In a stochastic framework the minimization of (13) means that both 

data and unknowns are considered as gaussian random variables: we are imposing to 

the model a 'soft : bound (Jackson. 1979; Backus. 1988) assuming that there can be a 

non-zero probability that the parameters be different from some 'expected' values. 

The appropriate value of 6 must be sufficiently high to grantee the inversion but 

not too large to make a priori data predominant (see also sect. 4.2)). 

Minimizing (13) with respect to the model vector m we obtain the inverse operator 
H giving m as a function of d: 

Introducing the data covariance matrix Cd — [WjWd)~l and the 'prior model covari-

ance matrix Cm = (W£Wm)~l. the same equation can be given in the more usual form 

(e.g. Tarantola, 1987r Sambridge, 1990): 

To preserve the considerations we made in sec. 3.1. consider that a simple trans

formation Wd(d — Gm) = d' — C m can be obtained defining d' = Wdd and G' = WdG 

and then considering the SVD of the matrix G' instead of G. 

3.2.3 D a m p i n g 

Damping is just a particular application of the regularization technique described in 

the previous section but we will treat it separately because of its importance in the 

resolution of linear inverse problems. In the case of damping regularization. equation 

(13) is considered when the matrix Wm is the identity matrix / or a diagonal matrix 

whose elements should take into account the different a priori (that is. independent 

from the results of the measurements) variances of the parameters (e.g. Wiggins 1972): 

The added a priori datum is m = 0 (null expected value) with variance 92. In 

practice, this regularization scheme consists in adding to the data equations the re

quirement that the model be small. 
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Figure 2: from Crosson. 1976. 

The minimization of F(m) leads to the equation (it is obtained imposing that dF(m)/dm = 

0. analogously to the calculation that leads to the normal eq. (9)): 

which can immediately be resolved with respect to m. being the matrix (GTG + 92I) 

always non-singular (A? + 62 > 0). With this regularization. the dangerous elements 

1/Aj in (11) become A t /(A?+# 2 ) . Eq. (17) may be expressed through the decomposition 

of G: 

so that, we can write, in analogy to eq. (12): 

where we introduced a 'damped' inverse eigenvalue matrix whose 

diagonal elements are 

In this way a smooth elimination of the smallest eigenvalues is obtained (e.g Crosson. 

1976; van der Sluis and van der Vorst. 1987). Figure 3.2.3 illustrates the transforma

tion of the elements A - 1 both after damping (referred as Levenberg-Marquardt) and 

after Wiggins cut-off. Note that they both eliminate the contribution of that part 

of data associated to null eigenvalues and leave the well-conditioned equations of the 

system (11) untouched. 

The advantage in using damping regularization is in the fact that SVD is not required 

and the elimination of small or null A; is obtained without actually knowing them. The 
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damped least-squares solution, also named stochastic inverse to distinguish it 

from the generalized inverse by Lanczos (e.g. Aki et al. 1977). is given by: 

4 Reliability of the solution in linear inverse prob
lems 

4 .1 D a t a a n d s o l u t i o n covar iance o p e r a t o r s 

When least-squares algorithm is applied, the solution quality can be examined through 

the 'posterior model covar iance matrix' (e.g. Tarantola. 1987) and 'resolution ma

trix* (next section). 

The data covariance matrix Cd is defined by: 

where E[ ] is the expectation operator and e — d — E[d] the error vector. The generic 

element {Cd)ij is given by the following expression: 

The expectation operator is defined through the probability distribution function of 

data. This function however is usually not known so that data are assumed to be 

uncorrelated and with a gaussian probability density. In this case the covariance matrix 

is a diagonal one whose elements are the data variances of. If a relation among the 

error distribution of different data is known to exist, the non-diagonal elements of Cd 

must be different from zero. 

The posterior model covariance matrix Cm> (e.g. Jackson. 1979; Tarantola and 

Valette. 1982) is due to the propagation of data errors through the inversion matrix so 

it will naturally be different from the 'prior* covariance matrix Cm, which was given 

before the analysis of data. 

Given a linear relation like (4) between some model parameters and data, we can 

write (remember that E[e] = 0): 

GE[m] = E[d] and E[m] = HE[d\. 

We can compute the posterior model covariance operator Cmi as. 
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4 .2 R e s o l u t i o n m a t r i x a n d S p r e a d f u n c t i o n 

After computing the relationship between data and model parameters we can investi

gate whether these latter are well resolved. The analysis of the r e so lu t ion m a t r i x 

R. which depends on the matrix G only, allows us to verify the capability of the avail

able data to discriminate the contribution of each single parameter. "The 'resolution' 

operator R is the window or filter which relates the ' t rue : parameters to the estimated 

parameters' 7 (Crosson. 1976). From relations (4) and (14) we have: 

where R = HG. 

The difference mest - mtrue is then a sum of two contributions: 

the first term is the resolving error, due to the bias introduced in the modeling, the 

second is a random error (Jackson. 1979). The knowledge of SVD can still be useful 

to write R = HG = VA^AVT so : the smaller the regularization effect the more 

Ae = A and R = L as is the case when using Lanczos natural inverse. Obviously, 

in this last case / is Ip. the p x p identity matrix, and resolution is referred to the 

solved projection m p of the model vector (see sect. 3.2.1). A perfect resolution, where 

R — IK. is obtained in the case of full-rank condition when the least-squares solution 

is given without regularization. so that Ae = A: this means that in this case the model 

parameters are uniquely determined. 

Anyway, it has to be emphasized that the full-rank condition could be obtained only 

if the unknown model parameters are less than the independent data (for example using 

a coarse grid); this is not of course the case of fine structure investigation (Jackson. 
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Plo t s p f s e l e c t e d rows o f ihc m o d e l r e s o l u i i o n m a i n x R i n d i c a t e h o w well :he 
i m e m o d e l p a r a m e t e r s c a n be reso lved . N a r r o w p e a k s o c c u r r i n g near the m a i n d i a g o n a l 
o f the matr ix ( d a s h e d l ine ) i n d i c a t e that the m o d e l is wel l r e so lved . 

Figure 3: from Menke. 1984 p. 65 

1979). The resolution of the evaluated z-th parameter m,- is related to all the *true ! 

parameters through the i-th row of the resolution matrix: 

The resolution matrix allows us to introduce a ' sp read function^ spread(R). given 

by (e.g. Menke, 1984 p. 68): 

where WR is a weighting matrix. spread(R) is a functional which measures the '8-

ness : of the resolution operator R as its difference in L2 norm from the operator / (e.g. 

Backus and Gilbert. 1968: Parker. 1977): assuming model parameters are naturally 

ordered. (18) shows that the larger the resolved region around each node, the less the 

rows of R have a <5-like form (fig. 3). 

An example of spread function was suggested by Toomey and Foulger (1989): 

where Si is the value of the spread function corresponding to the i-th parameter, the 

weights tij are the distances between nodes i and j in a tomographic inversion adopting 

node parameterization. Backus and Gilbert (1968) or Menke (1984) proposed the 

squared distances as weights. In both cases the weight is a function of the distance 
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t from the z-th parameter, which vanishes when t — 0, eliminating the contribution of 

the diagonal element Ra, and increases monolithically with it. 

In the ideal case of independent model parameter and R = I. Si is null so. in the 

real case, smaller values correspond to well resolved parameters. Si has the dimension 

of a distance that can be interpreted as the length of the ray of a spherical region, 

centered at the i-th node, through which the real velocity value is estimated. 

The importance of resolution and covariance matrices is evident in the Backus-

Gilbert approach, where the choice of a priori dala should be done looking for a 

compromise between the minimization of the spread function and the solution variance 

which are generally in conflict. In the case of damping, this conflict can easily be seen 

analyzing the role of the damping parameter 0 in the matrices Cm> and R expressed in 

terms of SVD: 

where we indicated a diagonal matrix with its z-th element. The greater the 0 the more 

R is different from / and the model variance get smaller. Besides, the elimination of 

small singular values of G gives better resolution (R = / ) but generally worst model 

variance (e.g. Crosson, 1976, Aki et al., 1977). 

5 The non-linear Inverse Problem 

5.1 I t e r a t i v e p r o c e d u r e 

When the relations between data and unknowns are non-linear, as is the case in a 

tomographic problem, the approach to their solution cannot be simply given in a matrix 

expression. The tomographic equations can be constructed only after a velocity field, 

which is the unknown of our problem, is given. This is the main reason for their strong 

non-linearity. This problem is faced using an iterative procedure where an initial model 

is chosen and then modified through successive linear inversions. 

In section 2.3 tomographic equations were given in their general form; we will now 
start from eq. (3) to illustrate the iterative technique of solution. We formulate the 
expression of the 'theoretical^ arrival time t!fi: 

As explained in sect. 2.3 a system of M of these equations constitute the forward 

projection from model space S"1 into data space Sd. When the full non-linear inversion 
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is considered, the projection of an element t G Sd into an element {a. h} e 5™ through 

an inverse operator g" 1 cannot be directly performed. However, the application of the 

linear inverse techniques allows us to compute corrections {Aa. A h } to a set of starting 

values {a 0 . h 0 } . 

Expanding g about { a 0 : h 0 } up to the first order, we obtain: 

where £ 0 | J = < / i j (ho , : a 0 ) : and eXJ is the rest of the Taylor expansion. The contribute 

o f an explicit derivation with respect to the raypath Tij is null thankful to Fermat's 

principle. 

Indicating with x a vector in model space, m its variation, and assuming M data 

and K unknowns, eqs. (19) and (20) become: 

where Go is the derivative matrix (M x K) whose elements are (Go)ik == dgi/dxk-

Theoretical arrival times t t h must be set equal to the observed data t ° 6 except for an 

experimental error e'. that is tob = t t h + e'. from which: 

where e = e + e'. Introducing the residual vector d 0 = tob — t 0 . we obtain: 

Eq. (22) defines a l inear relation between the u n k n o w n model vector m and 

the residual vector d 0 . The inverse problem is solved by computing those corrections 

m which minimize the euclidean norm of the error vector | |e | | 2 = | |d 0 - G 0 m | | 2 . A 

consideration must be added: the minimization of | |e | | 2 is properly applied in the case 

of gaussian statistics so. attention must be posed in the Taylor truncation, being e 

certainly not a gaussian error. This problem is generally faced damping the model 

variations. 

Once the corrections have been computed, we obtain a new model Xi| Xi = x 0 + m 

and the procedure can be repeated with Xi as starting model. The general strategy to 
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solve a non-linear inverse problem is computing the variations of the model parame

ters with respect to an initial guess x 0 and then re-start the procedure until a specific 

request is satisfied (for istance the ratio of two successive residual variances be minor 

than an assumed value). In each iteration travel times and raypaths from the new 

hypocenters to receivers are computed in the new velocity field (e.g. Spakman. 1993). 

As was already said in sect. 3. eq. (22) can be solved directly, using for example 

raw-action methods, or adopting a separation technique, as the one suggested by Pavlis 

and Booker in 1990 (see appendix). After the separation has been achieved earthquake 

relocation and model parameters determination can be treated separately as pure linear 

inverse problems. In the following, we will continue calling d the data vector, x the 

model vector and m its variation, assuming that they can eventually be interpreted 

differently depending on the treated problem. 

The considerations on linear inversion can be imported in this more-general context 

with some caution, taking into account that they are just related to a single step of 

the full inversion. 

5 .2 C r e e p i n g 

In sect. 3.2. equation (13) takes into account the case of a priory data added to 

the equations. When imported to non-linear inversion, this kind of regularization 

simply minimizes a particular norm of the model variation m instead of involving the 

parameter vector x. Generally, the only reasonable norm of m to be minimized is its 

Euclidean norm, with the use of damping regularization. being it useful to remain in 

the limits of the linear approximations made in (20) (Shaw and Orcutt. 1985). The 

functional to be minimized is then: 

giving the damped least-squares solution: 

This strategy has been defined creeping because the solution accepted is the nearest 

one to the starting model and is searched among the possible solutions moving in the 

model space through small steps. The disadvantage of this procedure is that creeping 
doesn't constrain any feature of the model itself except for its similarity from our 

initial guess. Generally, this means that different starting points in the model space 

may possible give different solutions. 
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Representation of the 'creeping' and 'jumping' strategies. The starting model m<, to any non-linear inverse 
problem generally fits the data only approximately. There are infinitely many models (shaded regions) which will fit 
the data lo an acceptable level of misfit, (a) The usual non-linear strategy, creeping, selects from these acceptable-
misfit models the one that minimizes the model perturbation 6m. (b) Because of non-linearity several iterations are 
required to reach the desired misfit, (c) A disadvantage of creeping is that when the starling model is changed 
slightly, a new ending model will be found, (d) A more desirable strategy would map the neighbourhood of starting 
models near m 0 to a single ending model which would thus be insensitive to small changes to m<,. (e) Sketch of the 
jumping strategy. The new model is computed directly, and the norm of this model is minimized relative to an 
absolute origin O corresponding to this norm. Explicit dependence on the starting model is eliminated. 

Figure 4: from Shaw and Orcutt. 1985. 

5.3 J u m p i n g 

Jumping strategy has been introduced to minimize a norm of the model x p + 1 = x p + m 

(e.g. Shaw and Orcutt. 19S5: Spakman. 1993). Applying jumping, we have to mini

mize: 

To release the solution from the initial guess, the jumping method is more suit

able because it permits to choose among the infinite solutions the one satisfying our 

particular request (fig. 4). The idea of using constraints on the resulting model was 

suggested in 1985 in an unpublished work by Parker (Shaw and Orcutt. 1985). 

The solution to (24) is given by (e.g. Sambridge. 1990): 

In the family of jumping constraints, s m o o t h i n g has often been employed when 

the unknown parameters represent the value of a single physical field. The technique 

can be useful in the determination of nodes or blocks velocity values but. for example, 

it would be non-sense if applied to the coefficients of a linear combination of functions 
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or to the coordinates of an hypocenter. For this reason in this context we will use a 

instead of x. 

A constraint on the spatial variations of the model has been imposed in the method 

suggested by Shaw and Orcutt (1985). Constable et al. (1987) and soon applied to 

tomography (e.g. Lees and Crosson. 1989; Sambridge 1990) providing a s m o o t h 

solution: simply, the matrix Wm is a spatial-gradient, so to impose the minimization 

of the differences among velocity values of contiguous nodes or blocks. In this case the 

second part of ( 2 4 ) can be for example: 

with cii the velocity of the i-th node (or block), and í¡j the distance between nodes 

(or centers of blocks) i and j . This choice is justified by Constable et al. (1987) 

recalling the Occam's razor philosophy, which suggests to always look for the maximum 

simplification when different strategies are possible to give analogous results. In this 

context, this simply means to prefer the smoothest possible model when the data 

content of information does not. in any case, justify a different preference. 

6 Reliability of the solution in non-linear inverse 
problems 

The reliability of the obtained model can be checked analyzing the last iteration step. 

Since the iteration procedure is stopped when the convergence to a solution is satisfac

tory, the neglected non-linear terms give only negligible contribution (Parker. 1977). 

This is in fact the condition for a proper utilization of the reliability tools, spread 

function and covariance matrices, which we have treated for the linear inversion. Be

sides, the resolution tests have great importance in non-linear inversion, because the 

complete inversion is involved instead of the single linear steps. 

Obviously, model space cannot be spanned entirely, indeed only the neighbourhood 

of the starting model is analysed, with the risk that just a local minimum is reached. 

This problem can hardly be superseded unless starting the whole iteration procedure 

from different points. Even in this case, rarely a comparison among different results 

can furnish objective criteria to prefer one of them. 
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Anyway, the principal features of the model are generally the same, even in different 
tomographic results. 

6.1 R e s o l u t i o n t e s t s 

Besides the methods imported from linear inverse theory, resolution tests are perhaps 

to be preferred when assessing the reliability of the solution of a non-linear inversion. 

A resolution test checks the ability of the data to resolve a given structure of the model. 

The lest is based on a simple concept: given testing velocity model, 'synthetic' arrival 

limes are computed and subsequently used as data for the tomographic inversion. A 

comparison between the testing model and the solution of the inversion reveals the 

investigation capability of the technique. Typically, the testing model is characterized 

by a particular structure such as a geometrically-shaped anomaly in a constant velocity 

field or similar. The most popular among the various possibile testing structures is 

the checker-board model, where high-velocity cubic zones alternate with low-velocity 

ones. This test should be done using different cubic volumes, so that considerations 

on the dimension of the resolvable structures can be done. Although the semplicity of 

these arguments, attention must be posed in this operation because of the substantial 

complexity of the relation between model and data. A good coincidence between the 

resulting and the testing model neither ensures the absolute reliability of the technique, 

nor guarantees accurate estimation of the finest resolvable structure: the identification 

of a particular structure is rather due to the capability of the inversion matrix to resolve 

model subspaces (e.g. Leveque et al.. 1993). 
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7 Appendix: separation of variables th rough Pavlis 

and Booker theory 

The SVD theory has been used by Pavlis and Booker (1980) for the elaboration of a 

method for the separation of mixed variables in an inverse problem. This method have 

largely been used for the separation of earthquake location from velocity parameter 

determination in a joint tomographic problem. 

Consider the linear inverse problem 

and the case where this equation can be splitted: 

Referring to eq. (20) this operation results from considering dT{j/dhu the elements of 

H and dTijjdak the elements of A. The matrix H is a linear operator projecting a 

vector h of the 4/-dimension model space into a vector in the M-dimension data space. 

The singular value decomposition of H (sect. 3.1) permits to distinguish two sub-

spaces of the data space: being p the rank of H. there is a subspace with dimension 

p which is 'illuminated* by H. that is a vector in model space is projected in this 

subspace by H. and the subspace orthogonal to this one (dimensioned M — p) which 

is unreachable with H. 

The original idea of Pavlis and Booker is that of identifying the so-called annulled 

data, as many as M — p. dependent only on the velocity model a. 

The identification of the annulled data consists of projecting equation (Al) in the 

subspace non-illuminated by the operator H. 

If the decomposition of H is given by H = UHAHVH this operation is simply achieved 

left-multiplying eq. (Al) by U%Q (where UHo is the matrix of model vectors associated 

to the null singular values of H). Consequently a new system of M-p linear equations 

is obtained from which the K parameters can be evaluated: 

being (by definition, the projection is always orthogonal to the 

subspace identified by UHo, N{GT)). The asterisk indicates the effect of the projection: 
y* = Ujj0y and similar for A and e. 

Citing the authors: "The properties of the annulled data set make a new iterative 

technique feasible that consists of alternatively locating hypocenters by conventional 
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nonlinear least squares followed by estimating a linearized perturbation to the velocity 

model from the annulled data set." (Pavlis and Booker. 1980). A k n o l e d g m e n t s 

This study was supported by the European Community in the framework of the con

tract " S o u l hern Europe Network for the Analysis os Seismic Data" (EV5V-CT93-

0 3 0 4 ) . We are greatful to dr. C. Chiarabba for carefully reading the manuscript and 

for his helpful suggestions. 
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